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1 Introduction

Understanding the deflagration to detonation transition (DDT) and the knock onset in spark-ignition
engines is important but still unsolved in safety engineering and practical engine development. Prior
work on DDT has been reviewed by Oran, and many studies continue to evolve from the pioneering
work of Zel’dovich [1] and Gu et al. [2] with respect to understanding the mechanism of knocking.

Recently, auto-ignition assisted flames, which propagate faster than the general deflagration wave due to
chemical reactions in the preheat zone, have gained attention [3–7]. Thus, understanding the relationship
between ignition and deflagration has become increasingly important to understand such phenomena.
Our recent theoretical and numerical study investigated this relationship [8], aiming to enhance our un-
derstanding of detonation and knocking. We identified the limits of the existence of stretch-free flat
flame structures with a Lewis number over unity, referred to as the ”explosive transition of deflagra-
tion” [8]. This allowed us to categorize the phenomena into three behaviors of the deflagration wave:
(I) Deflagration wave with negligible preheat zone chemical reaction, (II) Deflagration wave with non-
negligible preheat zone chemical reaction, and (III) Phenomena beyond the explosive transition of de-
flagration. A schematic diagram of the behaviors of the deflagration is shown in Fig.1. As the unburned
gas temperature increases, chemical reactions in the preheat zone become non-negligible, moving from
(I) to (II) and eventually to (III), where no deflagration structure exists.

(I) Deflagration wave with negligible chemical reaction in the preheat zone

(II) Deflagration wave with non-negligible chemical reaction in the preheat zone

(III) Phenomena beyond explosive transition of deflagrationU
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Figure 1: Behaviors of deflagration wave including explosive transition of deflagration.

This study investigates the effect of ignition on deflagration wave structure near the explosive transi-
tion, using four fuels with different Lewis numbers (hydrogen, methane, propane, and n-heptane), after
establishing the theoretical connection between ignition and deflagration wave structure.
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2 Explosive Transition of Deflagration [8]

To consider the relationship between ignition and deflagration, reaction progresses in 0d ignition and 1d
deflagration were compared using a spatial-temporal transformation. The details of the theory discussed
in this section can be found in [8]. A brief description is given here.

2.1 Governing equations of 0D homogeneous ignition using normalized fuel mass fraction and
temperature

The governing equations for 0D homogeneous ignition are the conservation of energy and chemical
species. For the constant pressure and enthalpy case, the conservation equations are given by

dYk
dt

=
ω̇kWk

ρ
(k = 1, 2, · · · ,K), (1)

dT

dt
= −

∑K
k=1 ω̇khkWk

cpρ
(2)

where t is time, Yk is the mass fraction of kth species, ω̇k is the chemical production rate of kth species,
Wk is the molecular weight of kth species, ρ is the mass density, T is the temperature, K is the total
number of chemical species, hk is the enthalpy of kth species, and cp is the mean specific heat. The
equation of state used for the interconversion of pressure, density, and temperature is a perfect gas given
by ρ = (pW̄ )/(RT ), where p is the pressure, W̄ is the mean molecular weight, and R is the universal
gas constant. Here, the normalized temperature and the normalized fuel mass fraction are defined by
Ỹf = (Yf,1 − Yf)/(Yf,1 − Yf,0) and T̃ = (T − T0)(T1 − T0), where subscript 0 means the initial value
and subscript 1 means the final value, and assuming that T̃ and Ỹf are Legendre-transformable relations.
Then, the following relation holds

dT̃

dt
= −dỸf

dt
. (3)

Note that, for the Legendre transformation to be possible, T̃ and Ỹf must be convex functions, and from
Eq. (3) , T̃ ∈ [0, 1] and Ỹf ∈ [0, 1], the following conditions are required dT̃ /dt > 0 and dỸf/dt < 0.
This constraint is always true for single-step chemical reaction models and is usually true for multi-step
chemical reaction models. Note that T̃ and Ỹf are bijective, and once either T̃ or Ỹf is determined, all
remaining variables, including T, ρ, and Y , are determined. The Eqs.(1)(2) can be transformed using Ỹf
and T̃ as follows

dỸf
dt

= − ω̇fWf

ρ(Yf,1 − Yf,0)
= − 1

Yf,1 − Yf,0

dYf
dt

, (4)

dT̃

dt
= −

∑K
k=1 ω̇khkWk

cpρ(T1 − T0)
=

1

T1 − T0

dT

dt
. (5)

2.2 Governing equations of 0D homogeneous ignition using residence time

The residence time is the total time that the fluid parcel has spent inside a control volume defined by
τ =

∫ x
x0

u−1dx, where u is the velocity of the fluid parcel and x is the position of the fluid parcel. Then,
the total differential of the residence time can be given by dτ = u−1dx. The Eqs.(4) and (5) can be
transformed by a spatial-temporal transformation using the residence time and the velocity of the fluid
parcel as follows

ρu
dỸf
dx

= − ω̇fWf

Yf,1 − Yf,0
(6)
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ρu
dT̃

dx
= −

∑K
k=1 ω̇khkWk

cp(T1 − T0)
. (7)

Note that the Eq. (3) can be rewritten using the position of fluid parcel as follows

dT̃

dx
= −dỸf

dx
. (8)

2.3 Governing equations of 1D laminar premixed flame using Ỹf and T̃

The conservation equations for 1D laminar premixed flame are given by

ρu = constant, (9)

ρu
dYk
dx

=
d

dx

(
ρDk

dYk
dx

)
+ ω̇kWk, (k = 1, 2, · · · ,K), (10)

ρu
dT

dx
=

1

cp

d

dx

(
λ
dT

dx

)
−
∑K

k=1 ω̇khkWk

cp
, (11)

where Dk is the mixture diffusion coefficient of kth species, and λ is the thermal conductivity of the
mixture. The Eqs. (10) and (11) can be rewritten using Ỹf and T̃ as follows

ρu
dỸf
dx

=
d

dx

(
ρDf

dỸf
dx

)
− ω̇fWf

Yf,1 − Yf,0
, (12)

ρu
dT̃

dx
=

1

cp

d

dx

(
λ
dT̃

dx

)
−
∑K

k=1 ω̇khkWk

cp(T1 − T0)
. (13)

The only difference between Eqs. (6) and (7) and Eqs. (12) and (13) is the first additional term of
the right-hand side in Eqs. (12) and (13). Now consider the Lewis number of the fuel defined by
Lef =

λ
ρcpDf

. When Lef = 1, Eqs. (6) and (7) and Eqs. (12) and (13) are equivalent. In other words,

when Lef = 1, the governing equations for 0D homogeneous ignition using Ỹf and T̃ are equivalent to
those for 1D laminar premixed flame using Ỹf and T̃ . In the next section, simple calculations will be
performed to investigate the effect of the Lewis number on the limit of the 1D laminar premixed flame.

3 Results and discussion

3.1 Numerical methods and conditions

Computations of 0D homogeneous ignition with constant pressure and enthalpy and 1D laminar pre-
mixed flame with multi-step chemical reaction models were performed using Cantera [9]. The four
mixtures, hydrogen/air, methane/air, propane/air, and n-heptane/air, were used. The Lef of the four
mixtures for pressure of 0.1 MPa and temperature of 300 K are 0.43, 0.88, 1.66, and 2.85, respectively.
The multi-step chemical reaction models are UT-JAXA model [10] for hydrogen, the Lu model [11]
for methane, San Diego mechanism [12] for propane, and the reduced SIP model [13] for n-heptane.
Note that, in order to maintain the Legendre transform even when multi-step chemical reaction models
are used, the computational domain should be as short as possible because T̃ and Ỹf must be the con-
vex functions. Numerical conditions for pressure and equivalence ratio were fixed at 0.1 MPa and 1.0,
respectively. 1D laminar premixed flame simulations were performed by varying the inlet temperature
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from 300 to 3000 K in 100 K increments. After confirming that the simulation failed no matter how
the computational domain was decreased, the next step was to perform the simulation by varying the
inlet temperature in 1K increments to determine the temperature limit at which the calculation could be
performed. After performing 1D laminar premixed flame simulations, 0D homogeneous ignition simu-
lations were performed using the initial temperatures at which the 1D laminar premixed flame could be
calculated.

3.2 Lewis number effect on 1D laminar premixed flame using Ỹf and T̃

Figure 2 shows the relation between 0D homogeneous ignition and 1D laminar premixed flames for
hydrogen, methane, propane, and n-heptane. As discussed in section 2, for Lef = 1, 0D homogeneous
ignition using Ỹf and T̃ after a spatial-temporal transformation based on the residence time is equivalent
to 1D laminar premixed flame using Ỹf and T̃ . For Lef < 1, the profile of a 1D laminar premixed flame
on Ỹf -T̃ plane is convex below the profile of Lef = 1 case (i.e., 0D homogeneous ignition), while for
Lef > 1 the profile is convex above the profile of Lef = 1 case (i.e., 0D homogeneous ignition) and
can intersect the profile of Lef = 1 case (i.e., 0D homogeneous ignition) in the high-temperature region
of the flame (i.e., reaction zone) where the heat release is high. From now on, the discussion will be
conducted in the relatively low temperature region (i.e., preheat zone) where the influence of the Lewis
number is clear in Fig. 2.

In Fig. 2, at a given T̃ , the consumption of Ỹf can be considered as the progress of the reaction. Thus,
the reaction progresses are in the order of Lef < 1, Lef = 1 (i.e., 0D homogeneous ignition), and
Lef > 1. Therefore, if Lef < 1, there is no ignition in the preheat zone. In other words, 1D laminar
premixed flame structure can exist even if the inlet temperature and pressure are very high. However,
if the Lef > 1, there is a possibility of ignition in the preheat zone. In other words, depending on the
inlet temperature and pressure conditions, there may be conditions where 1D laminar premixed flame
structure can not exist.

Lef	=	1
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Figure 2: The relation between 0D homogeneous ignition and 1D laminar premixed flames for hydro-
gen, methane, propane, and n-heptane fuels using Ỹf and T̃ . Note that the 0D homogeneous ignition is
equivalent to the 1D laminar premixed flame when Lef = 1.

Figure 3 shows the results of burning velocity with varying the inlet temperature. In the case of hy-
drogen and methane fuels, i.e., Lef < 1, the burning velocity increases with increasing inlet or initial
temperature and propagating flame exist even at inlet temperature of 3000 K. In the case of propane and
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n-heptane fuels, i.e., Lef > 1, the burning velocity increases with increasing inlet or initial temperature,
but the propagating flame could not exist over 2030 K for propane fuel and over 1270 K for n-heptane
fuel. This is to be expected from theory. We also find that the threshold temperature depends on the
Lewis number, and that the higher the Lewis number, the lower the threshold temperature.
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Figure 3: Burning velocity of hydrogen, methane, propane, and n-heptane fuels at fixed pressure of 0.1
MPa and varying inlet temperature. The green and magenta arrows refer to the temperature limits of
propane and n-heptane fuel, respectively.

5 Conclusions

In this study, we have theoretically demonstrated the theoretical connection between Ỹf and T̃ is identical
for 0D homogeneous ignition and 1D laminar premixed flames under the condition Lef = 1, employing
a spatial-temporal transformation. Our findings revealed that for 1D laminar premixed flames with
Lef < 1, ignition does not take place in the preheat zone, ensuring the existence of a flame structure.
In contrast, for 1D laminar premixed flames with Lef > 1, ignition may occur in the preheat zone,
resulting in the absence of a flame structure when the temperature surpasses a certain threshold. We have
introduced the term ”explosive transition of deflagration” to describe this phenomenon where a flame
structure cannot be sustained due to ignition in the preheating region. Additionally, we have established
that the threshold temperature is dependent on the Lewis number, with higher Lewis numbers leading to
lower threshold temperatures. It is important to mention that our study focused on stretch-free flames,
while stretched flames are explored by Tsunoda et al. [14] in a separate presentation at this conference.
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