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1 Introduction

In the study of accelerating deflagrations and their transition to detonation, the main mechanisms leading
to an overall increase of the burning rate are multi-dimensional. They include flame stretching and
folding mostly due to preferential convection in tubes, hydrodynamic and thermal-diffusive instabilities,
or interaction with turbulence, shocks or boundary layers, as well as their interactions [1–3]. Despite
the complexity of these events, it is observed in shock tube experiments and numerical simulations,
that flames reach a quasi-steady propagation regime known as the choking regime [4], during which
it forms, strenghtens and drives pressure waves and shocks ahead of itself [3, 5, 6]. Those eventually
become strong enough to, later on, allow thermal initiation of a detonation by shock pre-heating or by
the formation of hot-spots at shock reflection locations, in the presence of solid walls [7].

This general view of the sequence of events suggests that a simpler, one-dimensional problem can be
formulated to study the overall flow field involved in flame acceleration problems, in which the de-
flagration transition to detonation is controlled only by simple gasdynamical processes. The approach
chosen in this paper was to artificially control the flame burning rate, in order to trigger a response of the
flow, typically the formation of compression waves in the fresh gases when the burning rate increases.
Here, altering the flame burning rate is done by modulating the pre-exponential factor of the one-step,
irreversible, Arrhenius type law used to describe the depletion rate of reactants. Doing so permits to
generate flow-fields relevant in accelerating flame problems, and better investigate the nature of the in-
teraction between the flame and their compressible features. Special attention will be addressed to the
case of high speed deflagrations, propagating near the Chapman-Jouguet (CJ) deflagration conditions.
Those are associated to choked flames in shock tube experiments [8] and are, by definition, deflagrations
propagating with a sonic downstream flow, at the theoretical highest burning velocity a subsonic flame
could propagate at.

2 Governing equations and numerical setup

One-dimensional deflagrations were modeled using the reactive Navier-Stokes equations, with single-
step, irreversible, first-order chemical reaction rate. They were non-dimensionalized in a manner identi-
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cal to the work of Sharpe [9]:
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where p = ρT , E = ρT/(γ − 1) + ρu2/2, H is the Heaviside function and Ti an ignition temperature
below which no chemical reactions occur and typically set slightly above the unburned, undisturbed
gases temperature. The following reference scales were used:
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Variables ρ, u, T , Y , p, Mf = uu/cu and c =
√
γp/ρ are respectively the gas density, flow velocity,

temperature, mass fraction of fresh gases, pressure, flame burning Mach number and speed of sound.
Variables denoted with an over bar relate to dimensional quantities, those with index (u) to their value
taken in the unburned and undisturbed gases.

The relevant dimensional gas properties are Sf , νu, αu, Du, Rg, Q, Ea and k, respectively the flame
burning velocity, gas kinematic viscosity, thermal and molecular diffusivity coefficients, the specific
perfect gas constant, heat of reaction, activation energy and reaction rate pre-exponential factor, also
referred to as the burning rate eigenvalue [10]. They are used to define the dimensionless heat of
reaction Q, activation temperature θ and burning rate eigenvalue Λ, as well as the other commonly used
and later useful non-dimensional energies Q̃ = Q/(Rg Tu) and Ẽa = Ea/(Rg Tu). Finally, the non-
dimensional parameters Pr = νu/αu and Le = αu/Du are the Prandtl and Lewis numbers, respectively
equal 3/4 and 1.

In the present study, the value of Λ is varied over time to cause the flame burning rate to change accord-
ingly. The numerical simulations aimed to model flame acceleration are thus performed as follow. The
profiles of a steady flame propagating at a given burning Mach number Mf0 are found using the method
described in the previous work [11], together with the matching burning rate eigenvalue Λ0. The profiles
were imported as initial conditions in a hydrodynamical solver. The flame was left to propagate steadily
for some time, typically over 10 times the characteristic particle flame crossing time, to ensure it keeps
its original structure and eventual numerical disturbances fade far from the reaction zone. The value of
Λ was then increased linearly over time from t = t0, i.e.:

Λ(t) = Λ0 +

(
dΛ

dt

)
0

(t− t0) (7)

where Λ0 corresponds to the initial burning rate eigenvalue calculated for the steady flame set as initial
conditions, and

(
dΛ
dt

)
0

its increase rate, typically equal to a fraction of Λ0. This causes the flame to
accelerate and generate disturbances upstream and downstream of the reaction zone, until it eventually
transits to a detonation.
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The simulations were performed on a numerical solver developed by Falle [12, 13]. Convective terms
were solved using a second order accurate Godunov scheme, and diffusion terms were solved explic-
itly in time, using second order central differences in space. Zero-gradients conditions were set at the
boundaries of the domain to approximate an open tube. The domain was discretized to provide 1/4 of
a cell per unit length (1 cell covers 4 unit lengths), and adaptive mesh refinement was used [14] to pro-
vide details in high gradients regions, typically the reaction zones and shocks, allowing for a maximum
resolution of 48 cells per unit length, i.e. about 100 cells per thickness of the non-disturbed flame.

3 Results and discussion

The parameters γ, Ẽa and Q̃ were chosen to be 1.4, 50 and 50. The initial flame was set to propagate
at a Mach number Mf0 = 0.11. This value is close to the CJ deflagration Mach number for the chosen
set of parameters, equal to MCJ = 0.119. The associated burning rate eigenvalue was thus found to be
Λ0 = 2.65 × 103.

The flame was set to accelerate from time t0 = 40, by increasing the value of Λ following the relation
(7), where

(
dΛ
dt

)
0

= 5.90, that corresponds to 0.22% Λ0. The resulting flow can be visualized in the
space-time diagrams plotted in Figures 1, showing density in gray scale. Plot (a) shows the overall flame
acceleration process. At the very early times, the flame is steady and thus does not drive compression
waves in the fresh gases. When the flame starts to accelerate, it generates and amplifies a shock ahead
of it, that can be seen clearly in Figure 1(a). Its strength is annotated on the same figure at different
space-time coordinates. At later times, the density jump across the shock propagating at a Mach number
of about 2.2 is obvious, as seen on Figure 1(b), behind which the density increases monotonously until
it reaches a maximum just ahead of the reaction zone. This density gradient can be seen on the few first
density profiles plotted in Figure 2. Around time 2730, the deflagration transits to a detonation due to an
explosion occurring just ahead of the reaction zone. The detonation then travels in the shocked region
until it catches up the shock wave around time 2790.

This sequence of events is typical of what was observed for other values of
(
dΛ
dt

)
0
, and differs only in the

timing at which the shock forms and transition to detonation occurs. For high values of
(
dΛ
dt

)
0
, i.e. for

highly accelerating flames, transition to detonation happens earlier than for low values. This result was
anticipated, owing to the shock being stronger at earlier times, thus providing the conditions required for
thermal explosion more rapidly. Interestingly, this rapid shock formation occurs when the deflagration
reaches a burning rate equal to the CJ conditions, here around time 500. This can be seen on Figure 3,
where are plotted as a function of time the flame Mach number in black, and the CJ deflagration Mach
number in red, both calculated taking as fresh gases conditions the state just ahead of the flame.

Later on and as seen in Figure 3 between times 500 and 1500, the flame remains in the CJ conditions
despite the fact that its burning rate continuously increases. This is caused by the coupling between
the shock and the flame: as the former gets continuously stronger and its downstream state hotter,
the flame propagating conditions are changed such that larger CJ deflagration burning velocities are
allowed, thus permitting the flame to keep accelerating and strengthen the shock. As seen on Figure
3, this feedback mechanism goes on until time 1500, where the flame burning rate starts to oscillate
around the CJ deflagration conditions. The amplitude of the oscillations increases until the deflagration
transits to a detonation. This novel flame instability observed just prior to transition appears to be a
gasdynamic pulsating instability characteristic of gasdynamic coupling, usually present in detonation
waves. Such high frequency instabilities have been observed near detonation transition in accelerating
flames in narrow tubes and re-initiation start of the galloping detonations [15]. Although numerical
artifacts cannot be completely ruled out, our simulations reproducibly predicted such oscillations for all
the acceleration ramps investigated.
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Figure 1: Space-time diagram plotted for density of the flame acceleration process. (a) shows the overall
evolution of the flame and the shock, which strength is annotated along its trajectory. (b) shows the late
stages of the flame acceleration process, where transition to detonation occurs.

These simulations were repeated starting with flames propagating at significantly lower values of the
initial burning rate, far from the CJ conditions. In this case, the flame did not contribute to form shocks
strong enough to allow the gases to ignite over a reasonably short time. This is consistent with the
numerical work of Fecteau [16], in which the evolution of two-dimensional flames and their eventual
transition to detonation was investigated. The burning rate of the initial flame was adjusted using the
thickened flame model, and evolution to unsteadiness was favored by an initial deformation of the planar
flame front. Under these conditions, the perturbation grows, thus increasing the flame surface area,
providing the main cause of the global increase of the burning rate. Differences in the following events
were found when the burning rate of the planar flame was changed. At low values, the flame eventually
settles to propagate steadily. However at high values of the planar flame burning rate, a shock eventually
forms in the fresh gases. When the planar flame burning rate was set to be close to the CJ conditions,
transition to detonation occurred rapidly. This sequence of events is also consistent with experimental
observations, where the increase of the burning rate is mostly provided by the deformation of the flame
front, due to the presence of solid walls, to the interaction with the turbulence, or interaction with shocks
and boundary layers. At the later stages of flame acceleration, strong shocks form rapidly when the flame
eventually reaches conditions close to CJ deflagrations, i.e. the choking regime, supporting the initiation
of detonations [17–21].
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Figure 2: Series of density profiles plotted around the time of transition to detonation (see Figure 1(b)).
Time interval between each plot is 10.

The similarities of these results with the one-dimensional evolution of accelerating flames presented in
this section suggests that a global description of DDT can be considered. Mostly, CJ deflagrations ap-
pear to be important, as they constitute a propagation regime that promotes the formation and growth of
shocks strong enough to allow the onset of detonations. It can be seen in Figure 3 that a coupling exists
for some time between the shock and the flame. The fact that the flame remains in the CJ conditions
while its burning rate is continuously increased, opens the path to models meant to describe in a simple
way the resulting flow field. For example, in a manner similar to the two-discontinuities models describ-
ing the pseudo-steady flow field involving a shock followed by a CJ deflagration [8,22], a simple model
describing the evolution of an accelerating shock-flame complex can be developed, in which the flame,
which burning rate grows but remains in the CJ conditions, causes the strengthening of its precursor
shock accordingly. Such a model is currently left as a work in progress.

4 Concluding remarks

The relative simplicity of the simulations presented here made it easy to implement and generate results.
The method described in the previous section to model accelerating flames was found to reproduce well
the coupling that exists between the flame and the flow field, from the shock formation to the initiation of
the detonation. This makes it a convenient tool to reproduce and better understand the overall conditions
required for deflagrations to transit to detonations.

A very interesting result here is the role of the shock heating, allowing the deflagration to remain choked
over some time, before the fresh gases located just ahead of it are thermally ignited to form a detona-
tion. In this case, the coupling between the deflagration and the shock is such that, the latter’s strength
increases rapidly under the influence of the following CJ deflagration. With it, the deflagration remains
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DDT

Figure 3: Evolution of the flame Mach number and the expected CJ deflagration Mach number over
time.

in the CJ conditions even if its burning rate increases, owing to the continuously changing conditions
in the shocked state. This result was expected as deflagrations propagating near the CJ conditions are
prone to generate compression waves rapidly in the fresh gases. While the propensity of CJ deflagrations
to generate pressure waves is relatively accepted [23–25], the present results show that the deflagration
does so in order to remain a CJ deflagration in relation to newly compressed gas just ahead of itself. This
self-organization of CJ deflagrations into stronger CJ deflagrations is the first main finding of the present
work. The second finding is the onset of detonation being associated with a pulsating instability, akin to
the gasdynamic coupling in detonation waves where reaction zones and flames are in phase with each
other and yield very rapid amplification [26]. This instability may generate local hot-spots beyond what
the lead shock is capable of. Further work should focus on this unique feature of accelerating flames.
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