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Abstracts 

The acoustic optimization of a swirl coaxial jet injector is investigated to tackle combustion instabilities. 
The least damped modes are extracted by applying dynamic mode decomposition (DMD) and the injector 
length is optimized to damp the second longitudinal mode. The sensitivity of heat release perturbation to 
velocity perturbation at the frequency of the second longitudinal mode is investigated by combining two 
concepts of the Crocco’s model and the inhomogeneous wave equation, leading to computation of flame 
transfer function (FTF). The gain of FTF shows that the sensitivity of heat release fluctuation to inlet 
velocity fluctuation is minimal in the chamber with the optimized injector length. Dynamic mode 
decomposition combined with the inhomogeneous wave equation and the Crocco’s model appears to be a 
valuable tool to compute efficiently flame transfer function and evaluate the stability of a combustion 
chamber. 

1. Introduction 

Combustor design is achieved through several stages which take into account, for example, the 
mechanical constraints and the required power output. Apart from those main design requirements, an 
acoustic optimization is needed to avoid thermo-acoustic instabilities [1]. The acoustic optimization of the 
combustor cab be achieved by re-designing injectors as well as installation of dampers. The injector is 
used as a device enabling acoustic damping of potentially dangerous thermo-acoustic modes. It has been 
shown in the previous works that injectors can act as a half-wave resonator and damp pressure wave 
significantly if they are tuned properly [2, 3] and then, combustion is stabilized. 

In the present study, the wide range of injector length is investigated by performing dynamic mode 
decomposition [4,5] and the injector is optimized in the aspect of combustion stability. As a result, the 
optimal injector length is found with respect to maximum acoustic damping.  In addition, flame transfer 
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function [6,7] is computed by evaluating the sensitivity of heat release rate to the velocity fluctuation at 
the inlet of the combustor, which can be a quantitative parameter of thermo-acoustic instability induced by 
perturbed flames. 

2. Chamber and injector geometry 

 The subscale chamber [2, 8] has the cylindrical shape with a single injector at the chamber inlet. The 
chamber has a diameter, Dch, of 142 mm and a length, Lch, of 537 mm. An injector, a gas-centered swirl 
coaxial injector, is mounted at the inlet of the chamber. The injector is shown in Fig 1. Fuel in 
prevaporized kerosene, which is injected through peripheral holes. 
 

 

Figure 1. Geometry of the gas centered swirl coaxial injector. 

In the present study, the adjustable parameter for injector tuning is the injector length, Linj, which varies 
from 120 mm to 160 mm, and the other geometric parameters of dorif, dinl, dinj, and the recess length, Rl, are 
fixed to be 6.6 mm, 10 mm, and 8 mm, respectively. The chamber geometry and the computational grids 
are shown in Fig 2 and the number of grids in the entire domain is selected after grid-dependency check, 
which is over 0.4 million. 

 

 

Figure 2. Geometry and computation grids of the model chamber and the injector. 
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3. Numerical methods 

 Dynamic mode decomposition is a method to extract linear fluctuations out of instantaneous fields of 
data set collected from CFD analysis or measured data. It was validated in our previous work [5]. The 
result of pressure fluctuation p′ is substituted into the inhomogeneous wave equation (IWE) [9] to get heat 
release fluctuation q′  as described in Eq. (1). 
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= q′(1 − γ) ,       (1) 

where t, xi, γ , 𝜌, and 𝑐  denote time, spatial coordinate, mean heat capacity ratio, mean density and mean 
speed of sound, respectively. The Eq. (1) is combined with the n-τ model (or Crocco’s model) [10] to 
evaluate flame sensitivity, where heat release fluctuation is correlated with the inlet velocity fluctuation in 
the form, 
       q! = 𝑛𝑢!"#$%! (𝑡 − 𝜏),     (2) 

where he parameters, n and τ, are evaluated depending on the frequency, f, at which each pressure wave is 
oscillating. They are called sensitivity index or gain and time lag, respectively. The obtained heat release 
rate fluctuation 𝑞!(𝑓) and 𝑢!(𝑓) at a specific frequency are employed to calculate flame transfer function 
[6,7] by using the following equation, 

      𝐹 ω =  !!(!)
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.     (3) 

 

 4. Results and Discussion 

First, by applying DMD, the fluctuation of pressure p′ and velocity u′ are obtained to substitute into Eqs. 
(1) and (2) and the parameters of n and τ are obtained. The local values of gain, n, and time lag, τ, are 
calculated at the frequency of the 2L mode in the combustion chamber mounted by a 130 mm long 
injector.  And, The hydrodynamic wavelength can be estimated by the velocity fluctuation as 
demonstrated in Fig. 3. 
 

 
Figure 3. Fields of the parameters, n and τ, for flame transfer function (FTF) at the 2L-mode frequency (f2L=1,611Hz) 
with the injector length of 130 mm:  (a) gain, (b) time lag, and (c) velocity fluctuation for the 2L mode and iso-
temperature contours (dashed line). 

   
The gain averaged in a whole domain is then computed for every injector design case and it is normalized 
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by the gain calculated with the injector length of 120 mm, which is a start length. The normalized gains 
are calculated as a function of the injector length. The presents results are compared with those from a 
simplified 1-dimensional thory [11]. The minimum value of the averaged gain is found for the injector 
length of 130 mm. It implies that the reactive flow shows the least sensitivity to acoustic fluctuations at 
the length and the interaction is minimal between velocity fluctuation and heat release fluctuation at the 
2L mode frequency. The 1-dimensional theory shows much discrepancy although it has the similar 
qualtitative trend compared with the present results. The present tool would be a viable method in 
analyzing relative stability rather than the 1-dimensional theory. 

5. Conclusion 

For combustion stabilization, acoustic optimization of an injector in a sub-scale combustion chamber 
has been numerically conducted by applying dynamic mode decomposition to get flame transfer function. 
The frequency-fixed heat release fluctuation in flame transfer function (FTF) was calculated by combining 
Crocco’s model with the inhomogeneous acoustic wave equation. The data used in the combined equation 
were obtained by application of DMD. As a result, the local gain and the local time lag were computed to 
evaluate FTF and from the averaged gain, the optimal injector length of 130 mm has been found for the 
second longitudinal mode. With the length, combustion is the most stabilized. Dynamic mode 
decomposition can be a useful tool in evaluating sensitivity of flame response to perturnbation. 
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