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1 Abstract 

This paper concerns the study of high Reynolds and high swirl number flow through the use of PIV 

measurements and Dynamic Mode Decomposition (DMD) analysis. Principles governing DMD are 

briefly recalled, then the use of DMD is demonstrated by analysing the acquired PIV data in order to 

study the dominant dynamics of the system and extracting relevant morphology via DMD modes, 

focusing the attention on phenomenon known as Precessing Vortex Core (PVC).  

2 Introduction  

Swirl flows are widely used in several technical applications such as cyclone separators, gas turbine 

combustors, hybrid rockets etc. etc. [1]. For example, in combustion processes the high turbulence 

levels and the recirculating flow observed at high swirl levels greatly improve reactants mixing and 

flame stability, while allowing the reduction of pollutant emissions. Improvement in these technical 

applications requires a deeper understanding of the dynamics of swirling flows, whose features are 

still debated by the scientific community. One peculiar phenomenon of swirl flows is the so-called 

Precessing Vortex Core (PVC). The PVC occurs in high Reynolds and swirl number flows and is 

characterized by the regular precession of the large-scale vortical structure typical of swirling jets 

around the geometrical axis of symmetry [1]. An analysis of the 3D and unsteady flow structure of the 

PVC can be found in the experimental works of Cala et al. [2-3] and Shtork [4], while a review of 

PVC instability in swirl combustion systems can be found in [5]. 

A common technique to identify the coherent features in a field is the Proper Orthogonal 

Decomposition (POD) [6]. Bizon et al. [7-8] proposed a method based on POD and gaussianity 

indexes, in order to separate coherent and incoherent components regarding combustion processes 

within internal combustion engines. Another decomposition technique recently applied to the analysis 

of combustion phenomena is ICA [9-10]. 

This work describes the application of Dynamic Mode Decomposition (DMD) to PIV measurements 

of a swirled jet in order to identify and characterize the dominant dynamic components of the system. 
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3 Experimental 

The investigated flow is a turbulent free swirling jet of air at ambient pressure and temperature. The 

swirl generator was of axial plus-tangential entry type characterized by four axial and four tangential 

air inlets. A converging nozzle of exit radius R=12 mm was located vertically on top of the swirl 

generator. A circular pipe having an inner radius Rinj=6 mm was located coaxially to the swirl 

generator and used for flow seeding. Its exit section was set at about 26 Rinj below the nozzle exit. A 

schematic view of the nozzle is shown in Fig. 1, while a detailed drawing of the swirl generator is 

reported in [11]. The total air flow rate and the swirl strength were regulated by controlling the flow 

rates in the seeding system, the axial and the tangential entries by using thermal mass flowmeters 

whose error was estimated around ± 1% of the full scale.  

The seeding system generates oil droplets with an estimated diameter of about 1-2 m. The maximum 

measurable frequency of the flow fluctuations, limited by the inertia of the tracer particles, was 

estimated to be around 12.7 kHz, while the Stokes number estimation allowed to assume that the 

centrifugal effect on tracer particles was negligibly small [11]. 

PIV measurements were performed using a high speed double pulsed Nd:YLF laser operating at 527 

nm. Double images were acquired with a CMOS (Dantec NanoSense MKIII) cross-correlation PIV 

camera with a full resolution of 1280*1024 pixels. The spatial resolution in the direction normal to the 

measurement plane was estimated from the average thickness of the laser sheet, which was about 1 

mm. The laser sheet was located normally to the nozzle axis and at about 1 mm above the nozzle exit, 

(see Fig. 1). At the investigated swirl and Reynolds numbers the jet exibits a Precessing Vortex Core 

(PVC) with a frequency of about 486 Hz [12], thus, to fulfill the Nyquist-Shannon sampling theorem, 

PIV images were acquired at about three time the PVC frequency, i.e. 1500 double images/s, while the 

interframe time was set to 10 s. The camera operates at the (reduced) resolution of 640*640 pixels 

corresponding to a field of view of about 33 x 33 mm
2
 and a magnification of 0.305.  

PIV images were processed by means of the Dantec software. The size of the interrogation area was 

set to 32x32 pixels corresponding to a spatial resolution of about 1.2 mm. An overlap of 50% was 

used. The velocity maps were vector-validated basing on the cross-correlation peak height ratio and on 

the velocity magnitude. The statistical error relative to the mean value of the velocity is estimated to 

be less than 3% for the 1000 couples of images acquired. 

(a)    (b)  

Fig. 1: Schematic of the nozzle, all dimension in mm (a). Sketch of the experimental set-up (b). 

4 Dynamic Mode Decomposition 

Dynamic Mode Decomposition (DMD) is a recent analysis technique proposed by Schmid [13] to 

extract useful information from experimental and simulation data in terms of frequency and growth 

rate of coherent spatial features. Particularly, DMD is based on the Koopman analysis [14] of 

dynamical systems. It permits to extract spatial modes (spatial features) from a given data set 
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(snapshots) and to associate to each mode a unique frequency and a growth rate (temporal feature). In 

last years, many researchers have used DMD to extract and describe the underlying phenomena from 

set of data obtained by particle image velocimetry (PIV) experiments and large eddy simulations 

(LES). Schmid et al. [15] applied DMD to Schlieren snapshots of a helium jet and to time-resolved 

PIV-measurements of an unforced and harmonically forced jet, to analyse the physical mechanism of 

the fluid flow. Seena and Snug [16] used DMD to carry out the global stability analysis on cavity flow 

at high Reynolds numbers, in order to extract the features of the flow field that may be related to flow 

instability. In this section, we follow the same mathematical description made by Schmid [13] on the 

DMD. Given a sequence of snapshots obtained by experiments or simulations, iv , it is possible to 

organize the data into the following matrix: 

  1 1 2, ,...,N

NV v v v  (1) 

The subscript, 1 in this case, denotes the first snapshot of the sequence, while the superscript, N in this 

case, denotes the last snapshot of the sequence. Besides, we assume an ordered sequence of snapshots 

uniformly sampled with a constant period. The main idea of DMD is to assume the existence of a 

constant linear mapping A  relating each iv  to the subsequent snapshot 1iv , that is 1i i v Av , 

such that it is possible to consider 1

N
V  as a Krylov sequence: 

  2 1

1 1 1 1 1, , ,...,N NV v Av A v A v  (2) 

The objective of DMD is the extraction of the dynamic characteristics of a given dynamical process 

described by A , which is based on the snapshot sequence 1

N
V . It is reasonable to assume that it exists 

a critical number of snapshots, say N, beyond which the vector components of 1

N
V  become linearly 

dependent. Then, it is acceptable to express the snapshot Nv  as a linear combination of the 1N    

previous linearly independent snapshots, that is 
1

1

N

N

 v V a r , where  1 2, , , Na a aa  and r  is 

the vector residual. By following Ruhe [17], we can write: 
1 1

2 1 1

N N N   V AV V S r  where, as 

mentioned in Schmid [13], S is the companion matrix of the polynomial 
1

1

N
V a . Therefore, it is clear 

that, as the residual r  becomes smaller and smaller, the eigenvalues of  S  approximate better and 

better the eigenvalues of A. Thus, DMD can be considered as an optimization problem with the 

following objective: 

 1

2 1argmin N N 
M

S V V M  with 
   1 1N N  

M  (3) 

The optimal solution of Eq. (4) can be found following Schmid [13]. Here i i iSy y with iy  and i  

being, respectively, the i-th eigenvector and eigenvalue (they are typically complex and conjugate) of 

S. Each i-th dynamic mode (DMi), i , is then obtained by projection of 
1

1

N
V  onto the eigenvector iy , 

namely: 

 1

1        1,2, ,N

i i i N  V y  (4) 

The information about the frequency,  if ,  and growth rate, i , of each dynamic mode are provided by 

the eigenvalues i  through the following relationships: 

  logi i t    ;    arg 2    i if t    (5) 

whereas the amplitude of the i-th dynamic mode is given by its L2-norm, 
2

i L
 . Hence, it is clear that 

DMD provides information about the dynamics of the system in terms of spatial features (dynamic 

modes) corresponding to a particular frequency and growth rate. Moreover, in the case of unstable 

phenomena, this decomposition can provide information about the stability of the system, and identify 

the spatial features that may be due to instability, as shown in [18]. In fact, the dynamic modes 

connected to instabilities are characterized by  growth rate values higher than unity.  
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5 Results and discussion 

Figure 2 shows representative snapshots of the PIV velocity field, with clear evidence of the PVC. 

DMD applied to the PIV data elucidates the dynamics connected with vortex motion and other 

transient phenomena. Figure 3 reports, in the complex plane, the spectrum of the companion matrix S 

(Eq. 3), where it is seen that all eigenvalues tend to localize close to the unit circle. Figure 3 (left) 

shows the eigenvalues of S. As expected, there are many complex and conjugate eigenvalues, due to 

the oscillating dynamics. The radius of each data marker corresponds to the square amplitude of the 

mode, i.e. the amount of kinetic energy of the flow captured by the dynamic mode. Most of the kinetic 

energy of the flow is captured by mode DM0, namely the mean component, and by one pair of 

complex-conjugate modes, DM2 and DM2* , associated with the main precessing vortex. 

 

 

Figure 2. Representative snapshots of the arrow 

field velocity maps (top) and their moduli shown as 

scalar fields (bottom). 

 

Figure 3. DMD analysis using the last 300 

snapshots. (Left) Scatter plots of the eigenvalues of 

S. (Right) Scatter plots of the normalized growth 

rates versus normalized frequencies for all 

dynamic modes. In both scatter plots, size of the 

circle denote the amount of energy captured by 

dynamic mode. 

 

In order to analyse transient phenomena that may be captured by the PIV dataset, DMD was carried 

out on different numbers of snapshots, namely for different observation times. Particularly, two 

ensembles of snapshot were studied by DMD. The first set is made up of 1000 snapshots (i.e. the 

entire sequence of snapshots), and the second one is made up of the last 300 snapshots of the entire 

sequence. Figure 4 shows the amplitude spectra of the dynamic modes relating to the two sequences 

(1000 and 300 snapshots). It is possible to notice that the dynamic mode DM1 occurs, with significant 

amplitude, only for the case of 1000 snapshots, namely when the time interval includes the early 

transient. Indeed, DM1 is not observed for the sequence made of the last 300 snapshots. Figure 5 

shows the spatial features associated with dynamic modes DM0 and DM1. Since DM0 has both zero 

growth rate and zero frequency, DM0 is associated with the mean component. Mode DM1 has 

significant values of amplitude and growth rate, therefore it is associated with a transient phenomenon. 

Precisely , the normalized growth rate of DM1 is about -7.95 s
-1

, which corresponds to a half-time of 

about 175.3 ms, and to about 20% of the amplitude of the mean component. For these reasons, DM1 

can be considered as a marker of the transient condition of the system.  

In Fig. 5 we look at the morphology of the first four modes. We see that DM0 is axisymmetric as it 

should be, dealing with a conical swirled jet. DM1 is roughly axisymmetric as well, and peaks near the 

edge of the jet. This indicates that the main transient component of the flow is related to viscous 

phenomena that decay in amplitude whilst maintaining axisymmetric structure. The spiral patterns of 

the paired modes associated with the precessing vortex are also reported. 

In Fig. 3 it is possible to see a cloud of minor modes in a neighbourhood of the normalized frequencies 

of the pair of dominant conjugate modes associated with the precessing vortex, however only one 

dominant pair of dynamic modes (DM2, DM2*) are related to the precessing vortex, with frequency of 
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486 Hz for both samples. DM1, detected as the second largest in the set of first 1000 snapshots, 

disappears in the set of last 300 snapshots. The mean component (DM0) and the precessing vortex 

(DM2 and DM2*) are identified by the three largest circles in Fig. 3 and the three highest spikes in 

Fig. 4, and are present in both spectra, the one obtained by 1000 snapshots and the one obtained by 

using the last 300 only. Finally, since all growth rates are negative, or, equivalently, the eigenvalues of 

S  are less than unity in absolute value, the dynamics of the system can be considered stable. 

 

 

Figure 4. Spectrum of the DMD modes for 1000 snapshots (right) and last 300 snapshots (left). 

 

 

Figure 5 - Velocity maps (top row) and dynamic modes in terms of velocity moduli (bottom row). 

6 Conclusions 

Dynamic Mode Decomposition proved to be instrumental in characterizing the dynamics of the 

precessing vortex core in a swirled jet flow, by using the set of PIV snapshots collected. DMD 

identified the features of the precessing vortex in terms of frequency, growth rate and morphology 

(spatial pattern described by the dynamic modes), and even allowed to identify the feature associated 

with a transient phenomenon. On account of the determined eigenvalues, the system can be considered 

dynamically stable. 
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