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1 Introduction

In spray flames, the presence of the evaporating liquid adds challenges to the modeling of these flames.
Most often, in pure gas flows or flame simulations, a mixture fraction is used to describe the mixing
state, and a presumed β function accounts for its turbulent character; however, this simplification is
not valid in two-phase flows [1, 2]. In order to avoid this assumption, a transported probability density
function (PDF) provides a suitable approach. This method also shows the advantage that the joint PDF
of more than one variable about the thermo or hydro-dynamic state of flow may be included and solved
without additional assumption of the statistical independence of variables, which is usually applied in the
presumed PDF approach [3]. The transported PDF method was first proposed for pure gas combustion
simulations [4], and it shows its great potential for a wide range of applications [3]. Some studies on the
applications of this method in multiphase combustion have been reported in [5, 6].

The consideration of detailed chemistry in combustion modeling is of primary importance for a better
design of efficient combustion systems. For this purpose, flamelet models provide a suitable way with
reasonable computational cost [7]. Hollmann and Gutheil [8] extended this method for the generation
of spray flamelet structures influenced by the evaporating fuel spray.

In the present work, a turbulent ethanol dilute spray flame is modeled using a joint mixture fraction – gas
enthalpy probability density function method, where the interaction by exchange with the mean (IEM)
model extended by source terms accounting for spray evaporation, is used to model the micro-mixing.
Two different models for the scalar mixing time-scale including the influence of spray vaporization
effects are used and discussed, where the transport equation of scalar dissipation rate is solved. Detailed
chemical mechanisms and transport properties are considered through use of a spray flamelet model for
turbulent spray combustion. The numerical simulation is performed for the spray flame EtF6 measured
by Gounder et al. [9], where droplet size and velocity distributions as well as the gas temperature are
compared and discussed.

2 Mathematical Modeling and Numerical Simulation

The numerical model includes a hybrid Reynolds Averaged Navier-Stokes (RANS) – PDF description of
the continuous gas phase and a Lagrangian approach for the dispersed spray. A joint PDF describes the
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gas mixture fraction, ξ and the gas enthalpy, h. For these variables, the transport equation of a one-point
one-time Eulerian mass density function F (ζ, η;x, t) can be derived, and it yields
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where, ũi is mean gas velocity. ζ and η are the sample space of gas mixture fraction and gas enthalpy,
respectively. Sv and Se [8] represent the spray source terms of the mass and energy, respectively. In
Eq. (1), the terms on the left hand side present the changes of the joint PDF in the physical space, and the
terms on the right hand side represent the transport in sample space due to the molecular diffusion as well
as the effect of spray evaporation on the PDF. Compared to the transport equation derived earlier [5],
the source term accounting for spray evaporation in the continuity equation of the gas phase is included
in the present derivation of Eq. (1). The terms describing the molecular diffusion depend on multipoint
information, and they require modeling.

In order to solve this high-dimensional joint PDF transport equation, a Monte Carlo particle method
is used [4], and in the present work, an extended interaction-by-exchange-with-the-mean (IEM) model
is applied to account for molecular mixing in the two-phase flows [5]. Solution of the PDF transport
equation is then transformed to numerically solving the following set of stochastic differential equa-
tions (SDEs)

dx∗i =

(
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Equation (2) is needed to determine the particle position. The superscript ∗ denotes the particle proper-
ties, and these equations give the evolution of stochastic gas particle’s position x∗i , mixture fraction ξ∗

and gas enthalpy h∗. Γt is the turbulent transport coefficient given by Γt = µt/Sct. µt = Cµ〈ρ〉k̃2/ε̃ the
turbulent viscosity, where k and ε are the turbulent kinetic energy and its dissipation rate, respectively.
dWi is the increment of a stochastic Wiener process, which is determined from a Gaussian random
number generator with mean 〈dWi(t)〉 = 0 and covariance 〈dWi(t)dWj(t)〉 = dtδij . ωφ = 2χ̃/ξ̃”2 is

the scalar mixing frequency, and ξ̃”2 is the variance of the mixture fraction and χ = D(∂ξ”/∂xi)2 the
scalar dissipation rate, where D is the molecular diffusion coefficient.

Commonly, the modeling of χ̃ is based on an algebraic representation with the assumption that time and
length scales of the scalar and the large-scale turbulence are proportional

χ̃ =
Cφ
2
ξ̃”2ωt, (5)

here ωt = ε̃/k̃ is the frequency of turbulent mixing. Cφ is a model constant with a standard value of
2. Cφ is not a universal parameter and the performance of the PDF model calculations would strongly
depend on the mixing model and the specified value of Cφ [10]. Recent studies [11, 12] also show that
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in the two-phase flows, the dissipation rate of a scalar presents a more complicated trend of variation,
and the mixing is enhanced due to multiphase mass transfer. Direct solution of the transport equation of
the scalar dissipation rate appears to be a promising way to avoid empirical parameters and to explicitly
include the influence of spray evaporation. Gomet et al. [13, 14] proposed a modeled transport equation
of the scalar dissipation rate for evaporating spray flows, where a linear closure of the terms for evapo-
ration effects is adopted. In the present study, a model is derived based on a two-scale direct interaction
approximation of Yoshizawa [15] with the following formulation for χ̃
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where D/Dt denotes the material derivative. After inserting the modeled transport equations for ξ̃”2 and
ε̃ with consideration of the spray source terms [5, 8] into Eq. (6), and rearrangement of terms, yields
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∂ũi
∂xj

)
− 2

3

(
∂ũk
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Here, the gradient diffusion approximation is used to evaluate the diffusion term of χ̃. The term S5
accounts for spray evaporation effects, and it includes the spray source terms [8] S

ξ̃”2
and Sε̃ for mixture

fraction variance ξ̃”2 and dissipation rate ε̃, respectively. The model constants are αP = 2.0, βP = 0.72,
αD = 0.96, βD = 2.0, and λ1 = 1.0, λ2 = 0.5 [16]. Compared with Eq. (7), the model used by Gomet et
al. [13] has a similar form with model parameters αP = 2ωt/ωφ, βP = 2.0, αD = −1.0, and βD = 2.0,
and the evaporation effect term S5 is given by 2χ̃Sv. To demonstrate the performance of the models for
the scalar dissipation rate, simulations with the algebraic formulation Eq. (5), transport equation, Eq. (7)
and model by Gomet et al. [14] are carried out, and the computed results are compared. The different
models are denoted by SD AM, SD TM1 and SD TM2, respectively, in the results’ section.

A spray flamelet structure is used to describe the detailed chemistry. Compared with the classical
flamelet model [7], the spray flamelet model considers the effects of evaporating droplets on the lam-
inar flamelet. These effects are included in pre-calculated counterflow spray flame structures with the
consideration of detailed chemistry for ethanol/air combustion including 38 species and 337 elementary
reactions [17]. In this case, additional spray parameters are taken into account, and the formulation for
the mean scalars Φ̃ are given as

Φ̃ =

∞∫
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∞∫
0
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0

1∫
0

Φ f̃(ξ, χ,R0, v0, E) dξ dχ dR0 dv0 dE. (9)

R0 and v0 denote the initial droplet radius and velocity, respectively, and E is the global equivalence
ratio at the spray inlet.
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3 Results and Discussion

EtF6 is a dilute turbulent spray flame with liquid ethanol in air. The spray burner shown in Fig. 1 is
composed of a central fuel jet with nozzle diameter D = 10.5 mm, around which is a pilot jet flame with
diameter 25 mm to stabilize the main flame. A coflow air stream with a velocity of 4.5 m/s is provided
within a diameter of 104 mm. The profiles at the first experimental cross-section are used to generate
inlet profiles [18]. More details about the experimental setup are provided by Gounder et al. [9].

Figure 2 shows the radial profiles of computed and experimental gas phase temperature at different
axial locations. The comparison shows the numerical results generally follow the trend of experimental
data, although at the downstream location x/D = 30, the gas temperature is overestimated. This over-
prediction indicates that in this simulation, the spreading of the jet downstream is not as fast as in the
experiment. As pointed out by Chrigui et al. [19], this discrepancy could partly result from errors in
the experiment, where the measurement is performed using sensitive thermocouple elements. In Figs. 3
and 4, the computed Sauter mean diameter (SMD) and the axial mean and fluctuating droplet velocities
are compared with the experimental data at axial locations x/D = 10 and 30. The computed SMD
starts from a high value near the center line and decreases towards the edge of jet flame. Generally, good
agreement with the experiment is achieved. Comparatively, the droplet axial velocities match reasonably
with the experiments at upstream locations x/D = 10, and at x/D = 30, discrepancies are found, which
again implies that further downstream, the turbulent intensity is underestimated.

Figure 1: Geometry of the experimental configu-
ration [9].

Figure 2: Radial profiles of gas excess tempera-
ture at different distances from the nozzle exit.

Figure 3: Radial profiles of the Sauter mean di-
ameter, SMD at x/D = 10 and 30.

Figure 4: Radial profiles of axial mean and fluc-
tuating droplet velocities at x/D = 10 and 30.
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Figure 5: Comparison of radial profiles of gas phase excess temperature at x/D = 10, 20 and 30.

Figure 6: Radial profiles of scalar dissipation rate χ̃ (left) and right-hand side source terms of χ̃ in
Eq. (7); (center: SD TM1; right: SD TM2) .

Figure 5 presents a comparison of the computed gas temperature using different models for χ̃ and
measurements at cross-sections x/D = 10 and 30. The differences between the models upstream are
small and become more obvious at higher distances from the nozzle exit, where the temperature using
SD TM1 is lower than that obtained using SD TM2. The comparison of the computed χ̃ profiles and
the analysis of right hand side source terms in the transport equation for χ̃ is shown in Fig. 6. It can be
seen that using the SD TM2 model, the production term, S2, due to mean velocity gradients is always
positive and presents the dominating term, while in the SD TM1 model, S1 the production term due to
mean concentration gradients appears to be more important. The peak value of χ̃ in SD TM1 is lower
than in SD TM2.

4 Conclusions

The numerical simulation of the EtF6 spray flame [9] is performed using a combined approach including
a transported joint PDF of gas enthalpy and mixture fraction of gaseous species and a spray flamelet
model for ethanol/air combustion. Different models for the scalar dissipation rate of the mixture fraction
do not show significant differences, and for the present jet flame, the algebraic model of χ is suitable,
cf. Eq. (5). For more complex spray flames, this conclusion may need reconsideration. All major spray
flame characteristics including Sauter mean diameter, spray velocity and its turbulent fluctuation as well
as gas temperature show good agreement with experimental results.
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