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1 Introduction

The mathematical model of reacting flows of a combustion process is rapddey the system of
partial differential equations as the closed set of the standard catiserequations. It is well known
that the most complicated part of this mathematical model is the chemical kinetier(elyr large in
terms of dimension, non-linear and stiff) [1]. Hence methods of reductiaineension and stiffness
of large detailed chemical kinetic models are very important and have begeloded intensively in the
last years [2—7]. Many reduction methodologies focus on the chemigadesterm, however, because of
the strong coupling of diffusion and reaction in the combustion process exastyng operator splitting
methodologies (see e.g. [8, 9]), split reaction and transport terms) rihay fés means that chemical
kinetic models have to be analyzed and reduced taking into account thiéngowjth the molecular
transport. On the other hand, applying the same transport term foregdanodel as for the detailed
one, while replacing the source term by a reduced mechanism, can leaddorita results as well [9].

One of basic concepts of model reduction, which is a widely accepteapbimcthe combustion com-
munity, is the so-called attractive invariant low dimensional manifolds embeitidéiet composition
space of a reacting system [10-12]. According to this concept, thensystges are assumed to be
confined to these manifolds during combustion processes. This idea lesicsgbtforward implemen-
tation schemes based on tabulation and interpolation procedures of thelthaFiifies, model reduction
means reformulation of the system of governing equations on this low dimehsiandold [13]. The-
oretically, in order to reduce the system one should look for an invarianifohé (e.g. manifolds
composed from system solutions) of significantly smaller dimension than thheadriginal system.
Note that not any invariant manifold can be applied, it is important to haved gpproximation for the
system states during all stages of combustion process. In implementationsisnetimoodel reduction
can be characterized by the properties of the invariant manifolds inv@leedlow, fast, attractive and
stable etc.), by the methods of approximation the manifolds and by methodslyihggpe constructed
manifold. For instance, consider a very transparent example - the methémhrelet Generated Man-
ifolds (FGM) [14]. It is based on detailed (e.g. automatically invariant) statipisystem solutions.
However, attractiveness and stability as well as the question of how gmoskthof trajectories (set of
stationary system solutions) describe the process at hand is not fukbystodd. There are problems
with the choice of the system parameters that define particular solutionss@lbar dissipation rate,
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flame curvature, flame stretch etc.), with parameterization, which variablesdée used for param-
eterizing and implementing the FGM manifold. Nevertheless, this method is a Viergr&ftool in the
range of applications when the main FGM assumptions are valid.

The method of reaction-diffusion manifolds (REDIM) [15, 16] is an altéwesapproach to implement
such type of model reduction [17]. This exploits the existence of diffegern time scales of subpro-
cesses in combustion process leading to a decomposition of the system dyaath&s a consequence
to the manifold existence. The method allows us to construct an attracting lom&lonal manifolds in
composition space accounting for the coupling of molecular transport wéimicial reaction. Inputs to
the method are a detailed reaction mechanism, boundary conditions of thegdlagv, and an estimate
of the local gradients of the scalars in the flow. The reduced kinetic marhas constructed as a table
of a slow manifold mesh in the composition or state space. The manifold table catamecessary
information about the reduced kinetics as well as about the projection afritji@al system of PDE
governing equations on this low dimensional manifold.

This work presents the premixed free flat flame of syngas/air mixture dsremee benchmark model
for study attracting properties of the REDIM. It is relatively simple examplg,nevertheless, it con-
tains main features of combustion systems. For stoichiometric mixture compositi@DtREDIM
manifold is constructed on the basis of a constant gradient estimation. Desibimp of motions and
attractiveness of the REDIM is investigated and verified by the sourcedig@mvalues analysis with
the help of detailed system solutions.

2 REDIM

To take into account both the transport and thermo-chemical properttes detailed system into the
reduced one, one naturally starts with the best available detailed mathematicaption. In the case
of a reacting flow system it is the Navier-Stokes equations system faingdlows. It is shown below
in general vector notations for low Mach number, adiabatic (p=constqrist.) reacting flow which is
the reference case in the study.

ov 1.

i F (V) —vgrad(¥) + ;dlv (D -grad(¥)), (1)
wherev represents the velocity field,the density and) the (» by n)-dimensional matrix of the trans-
port/diffusion coefficients [1]. The state vectdris the @ = ns + 2)-dimensional state space vec-
tor O = (h,p,wy/Mi,...,w,,/M,.)", whereh denotes the enthalpy, the pressurey, ..., w,, the
species mass fractions aid;, ..., M,,, the molar massesF'(¥) is the n-dimensional vector of the
thermo-chemical source term anhdenotes the time.

The main purpose of the method is looking for @n-dimensional invariant manifoldn{s << ns)

to (1) v (@): M = {¥=V(0),¥: R — R"}, wheref is ams-dimensional parameter on the
manifold, e.g. in applications a fixed parameterization in terms of original vasaian be usef =
(w,o/Mm,0,wco,/Mco,, etc...) (as in figures shown below). However, in the construction process
the coordinates are locally adapted to the shape of the manifold in the compesgidios, making the
method flexible and independent from the parameterization.

The invariant manifold is obtained as the solution of
ov (0)
ot

= (I — Wy ) - (F (D) + [1) {D ¥, div (grad(9)) + (D¥y), o grad(f) o grad(e)}) )

fort — oo, whereXy, denotes the partial derivatives with respect {d.5]. \I/; is the Moore-Penrose
pseudo-inverse 0¥y [19]. Thus,M defines the states in the composition space where fastest chemical
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Figure 1: Contour lines represent real parts of three first 'smallestzeno eigenvalues of the Jacobian
of the reaction source term of the system calculated on the 2D REDIM ingpiarjeonto CQ — H,O
plane. Two stationary solutions of the detailed system (1) are shown by Ibias.

processes are relaxed similar to the main assumption of the ILDM [6, 7, 1tgrating fast processes
are strongly coupled with the transport terms (second and third terms wif#t§) the slowest chemical
modes are dominated by the relatively strong mixing processes. It is asshatdlde system relaxes
fast towardsM and the balance between diffusion and reaction establishes. This refatiatecan
be roughly estimated by the smallest eigenvalue of the source term of the gfdarge decoupled
eigenvalues. In this way, having the detailed solution one is able to estimate tifelchdimension by
the number of chemical modes which are coupled with the diffusion time scalegly given by the
local parameter gradients gréd.

It means increasing the dimension of the reduced model accounts automdtcalher dynamical
regimes. Because additional fast/slow chemical modes are allowed to catlptbevmixing processes
on the manifold that represents the reduced model.

3 Local gradients, eigenvalues

In order to illustrate the balance between reaction and diffusion, conideREDIM 2D manifold
for a syngas/air system and the dynamics of the detailed system solutidilespron our previous
works [15, 16] it has been shown that for 1D case (spatial dimensiibim Gartesian coordinate frame)
the manifold depends weakly on the spatial coordinate. This dependseeg2)) is due to the local
parameter gradient grad) = 9¢/0x and due to the second spatial derivative(disad(d)) = 920 /02>,

In this study, in order to construct the 2D REDIM a constant approximatidheoparameter gradient
has been implemented. An iterative procedure to handle this dependetite gpatial coordinate has
been suggested in [16] for an equal diffusivity assumption (the sedendative cancels out from the
manifold equation in this case) and further extended to the case of nahdiffusivity case [18].

When the 2D REDIM has been tabulated, several detailed stationary arstatmnary system profiles
are calculated with the source term eigenvalues evaluated on the REDIMbidatifgure 1 illustrates
the result of the eigenvalues analysis of the Jacobian of the source wwostationary solutions (same
element composition and enthalpy to ensure the same equilibrium) are chosesttatélthe system
stationary profiles path in the composition space. Both trajectories end up aathe equilibrium
corresponding to the composition past the free laminar plane flame, buttgarent initial mixture
composition.
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Figure 2. 2D REDIM in projections to major and minor species specific mole nianimtour lines
show the values of the real part of the 'smallest’ eigenvalue same as indigolid lines are the detailed
system stationary solutions.
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This figure shows by contours a typical spectrum of the reaction stenmefor chosen mechanism. The
mechanism contains, = 13 species [15], thus the overall system dimensiam is 15. There arer,. =

6 zero eigenvalues of the Jacobianofcorrespond to conserved quantities: elemé@sC, H, N),
enthalpy and pressure. The first non-zero eigenvalue shown in Bigs dositive (explosive) almost
throughout the entire detailed system trajectory, the second 1b is also sotellif can be positive as
well for other sets of system parameters etc.) but negative while theagadfithe rest of eigenvalues
(see Figl 1c, where the third is shown) are all negative and becoméavgeyin magnitude.

The second Fig. |12 illustrates that if one is interested in 2D slow invariant mdsiorough approxi-
mations of the order of magnitude of the gradient is enough to obtain satisfagoroximation of the
manifold. This is because the two moderate eigenvalues (sometime even pasdigecounted for and
most unstable dynamics evolves within 2D REDIM. Moreover, one seeghihatiffness of the source
term increases (there are only two eigenvalues are of moderate magmititte aest of the eigenvalues
are extremely large and negative!). This removes further dependétizereduced manifold on spatial
gradients for higher dimensional manifolds embedded into the compositioa.spac

Figurel 3 illustrates additionally the composition space with the 2D REDIM and detsyistem so-
lutions. Two arbitrary initial profiles have been chosen, which evolve in tiomind the system (1)
integration. The green one represents evolution of the initial profile joiniagittiburnt mixture with
the mixture having the specific mole number corresponding to full conve$i@0O into CG, (this
corresponds to calculating of a mixture of €Ns, Hy and G). While cyan and red lines shows the
evolution of the system solution from the initial profile that joins the unburnt méxivith the chemical
equilibrium. The cyan part (first 10 integration steps, ubtd 10~° seconds of the system integration)
indicates the fast initial transition (see Fig/ 3a) where the fast modeslaxedeand the solution reaches
the slow invariant manifold. The trajectories approach the REDIM and ficaltyerge to the same sta-
tionary solution shown by black curve with symbols. It can be seen thatfeveninor specie as HCO,
CH,0 and HO; (see e.g. Figs. 2b, 2c and/3b) and for rough estimation of the systeremjradhich is
taken constant throughout the whole domain, the manifold and the detaitedslyajectory evolutions
are very close. It has to be noted that other radicals show an evenre&teation to the REDIM.
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Figure 3: 2D REDIM and the system detailed solutions in projections to speuifie numbers. Cyan,
red and green lines show the detailed system solutions, blue mesh is the 2IMREhle black line
with symbols is the stationary system solution.

4 Conclusions

The REDIM method was discussed in this paper within the framework of mariddd model reduc-
tion. The role of decomposition of motions and attractive properties of thelREE2re investigated.
The influence of the local gradients on the manifold dimension is discusdeg .prEmixed free flat
flame of syngas/air mixture is considered as a reference benchmark mRodalstoichiometric mixture
composition the 2D REDIM manifold was constructed on the basis of a corgri@aient estimation.
The Jacobian of the source term calculated on the 2D REDIM revealetivibatigenvalues only are
coupled with the transport, while others are negative and very large. Ceimebe decoupled which con-
firms the existence of the 2D attractive REDIM for chosen configuratibe. analysis is illustrated and
verified by comparison of the REDIM and the unsteady detailed systengsrofiprojection to some
species mole numbers.
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