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I ntroduction

At present there are two main approaches to the understanding and mathematical modelling of
practical turbulent combustion. These involve the joint probability density function (JPDF) transport
equations [1,2] and laminar flamelets [3,4]. There is no conflict in the way the complexities of
turbulent-reaction interactions are handled, but each approach emphasises different aspects and the
computational requirements are different. The JPDF approach is capable of exactly representing the
interaction of chemical reactions and convection, although viscous dissipation and turbulent mixing of
scalars must be closed by modelling. The computational demands of detailed chemistry can be
excessive, but these diminish with intrinsic low-dimensional manifolds (ILDM) [5] that reduce the
chemistry from that of afully detailed scheme. The in situ adaptive tabulation, ISAT, agorithm [6]
also reduces the computational effort.

Direct numerical simulations (DNS) [7] are valuable in suggesting closure procedures in moment
methods, while large eddy simulations (LES) [8] give a more realistic picture of practical flows than
do first and second moment models. Laminar flamelet methods computationally uncouple the
chemistry from the turbulence in stretched laminar flame studies then re-couple it in the turbulent
flame. The conditional moment closure (CMC) approach [9] has affinities with flamelet methods.
With CMC in non-premixtures most of the scalar fluctuation can be associated with the mixture
fraction, and conditional averaging with respect to it alows closure of the conditional average
chemical reaction term. Normally these conditional fluctuations of the reactive scalars are smaller
than the unconditional fluctuations and can be neglected. If they are not, conditioning of second
moments might be employed.

The laminar flamelet approach has proved rather more robust and effective than might originally have
been anticipated. One reason, revealed by direct numerical simulations, is that a continuous laminar
flame structure can be thickened by small scale turbulence without invalidating the flamelet
assumption [7,10]. As a result, a Karlovitz flame stretch factor can be accommodated which is 17
times that of the Klimov-Williams limit [11].

The principal parameters that express burning rate are the turbulent burning velocity and the mean
volumetric heat release rate. The burning velocity is rather difficult either to define precisely or to
measure rigoroudly. It isnot a convenient parameter when there is no readily discernible propagating
flame front, as in furnaces and gas turbine combustion chambers with recirculating flow, or when the
front is severely disrupted at high Karlovitz stretch factors. Under such conditions, the mean
volumetric heat release rate is a more convenient parameter and computation of its spatial distribution
can be readily incorporated into CFD codes.

The paper attempts a unified approach, that embraces both of these parameters, and highlights some
current problems. A new expression is presented for the turbulent burning velocity, based on a
universal pdf of turbulent strain rates, with both flamelet burning and quenching controlled by
Markstein numbers, and some fractal considerations. Different expressions for the turbulent burning
velocity are compared.

Mean volumetric heat releaserate
In turbulent premixed flames the mean volumetric hest release rate, G can be expressed in terms of

that in stretched laminar flamelets g, (6,s) by [12]:
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Here Sy+ and Sy- are flame extinction stretch rates under positive and negative strain rates.

Numerical anayses of laminar flames, with detailed kinetics, suggest the volumetric heat release rate,
ay (6’, s) at adimensionless temperaturerise, @, and astretch rate, S, is simply related to that at zero

stretch rate, q€o(5) , by [12]:

q,(6,5)=f(s)a,, (©6) @
where f(s) is a function that depends upon s and the Markstein numbers of the mixture. If the
influences of @ and S are assumed to be uncorrelated, the joint pdf, p(H, s), may be expressed by
the product of the two separate pdfs, p(H) p(s) and

G = R f50(6)p(6)de (3)
with flame stretch rate effects grouped together in a* probability of burning” factor, R, :
Ry = J& f(s)p(s)as @
14 1.4
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Values of f(a) half scale. Full lines Tp =1ms, dashed lines Ty =0.5ms, dotted lines Tp =01ms.

The forms of the pdfs p(B) and p(s) are assumed a priori and evauated from computed first and

second moments of assumed pdfsin a CFD system of equations, including first and second moment
energy equations and Reynolds stress modelling [11,13]. That for & assumes a beta function and that
for s follows the direct numerical simulations of Yeung et a. [14], albeit for a low turbulent

Reynolds number. Thestrain rate, S, isnormalised by multiplying it by the Kolmogorov time, Ip.to
give adimensionless strain rate, a. This near-gaussian form of p(a) for a material surface is shown
in Fig. 1. The mean value of the dimensionless strain rate is 0.279 (corresponding to 1.08u’/A,
where U' isthe rms turbulent velocity and A is the Taylor microscale) and the dimensionless rms



strain rate is 0.34. Studies of sphericaly propagating laminar flames of methane and propane
mixtures over ranges of equivalenceratios, ¢, have shown [12] that empirically f(s) isgiven by:

£(s)=1-0855%  for Lys20 ®)
Uy
ad  f(s) =1-085°  for Lys<0
Uy

Without the factor of 0.8 these expressions are the same as those for up /u, and u,/u,,
respectively [15]. Here u, is the unstretched laminar burning velocity, U the stretched laminar
burning velocity based on the rate of entrainment of cold gas and Up, that based on the rate of
production of burned gas, with Ly and Lg the associated Markstein lengths.

Equation (5) isexpressed interms of a by

f(a)=1-08152 ang f(a) =1-038
Uan Uan

Quench is indicated by sudden decreases of f(s) and f(a) tozeroat s= Sq+ and Sy- (a=ag+

Lsa

, respectively. (6)

and aq_). Figure 1 illustrates the influence of increasing turbulence as Ty is reduced from 1 to 0.5

and 0.1 ms, for u, =1 m/sand Sq+ = 1000 s*. The influence of negative flame stretch is difficult to

assess, because flames stretched in this way are inherently unstable and difficult to study. The
approach in [12] is therefore adopted. This extrapolates the value of uy, to zero at negative s to yield

Sg- = u,/Lg. The values of f(a) plotted in Fig. 1(a) are for Lg = 0.2 mm. and Lg =-0.2 mm.
Those in Fig. 1 (b) arefor Ly =-0.1 mm, and Lg = -1 mm. As the turbulence increases p(a) is
assumed to be unchanged, but the associated decreases in 7, narrow the limits between &g, and
ag-- Because Sq+ = 1000 s?, for Iy = 1, 0.5, and 0.1 ms, values of ag+ have the same numerical
values as Tp in ms. For values of a greater than these and less than ag- there is no flame
propagation.

Equation (4) becomes R, = I:(?j f(a) p(a)da and reference to Fig. 1(a) shows that as the turbulence
increases, the proportion of the spectrum of strain rates capable of sustaining combustion decreases,
along with By. This principally results from the decrease in ag+ and increase in ag-» but with
some contribution from the positive value of L . . The corresponding Markstein number, Mag , is
Ly /6/ , Where the flame thickness, J,, is given by V/u/ and v is the kinematic viscosity. The
Situation is different in Fig. 1 (b) where the negative values of Ly and Mag result in higher values
of B,. As Tp decreases from very large values, at which there is negligible flame quenching, B,

can at firstincrease. With further increase, flame quenching becomes dominant and R, decreases.

Turbulent burning velocity
Heat release rate in the source term
The analyses of flame leading edges in [16-19] show the turbulent burning velocity for given

turbulent parameters to be proportional to Gto's. It is convenient also to postulate a turbulent flame



with a turbulent burning velocity, Uy, and mean heat release rate, G, for the same turbulent

parameters, but for which fluctuations in strain rates and reaction progress variable, &, influence
neither u, nor the mean heat release rate of flamelets, with f(a):l. Nor is there any flame

quenching. This implies a corresponding value of By, = jf;’ p(a)da, of unity and hence, with Egs.

(3) and (4):
5
Rid@p@de  H o
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The value of W can be obtained from fractal considerations. With an outer cut-off equal to the

integral length scale of turbulence, |, and an inner cut-off equal to the Gibson scale, |5, the mean
surface arearatio, o , of the fractal surface with | as the inner cut-off to that with | as the outer cut-

off is[20]:
o 2/3cY3 (155

_2 U .
= El—g =F L where F = D (8
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With the fractal dimension, D = 7/3, the Kolmogorov constant, Ci =1.7, theratio I/4 = 0.25Fe|0'5

( R| is the turbulent Reynolds number based on I) and a consequent value of Cp = 0.51, then F =

2.0. Uncertainties in the value of Cx mean the accuracy of F is no better than two significant

figures.
With no flame stretch or quench to influence the wrinkled flame area [20] the surface arearatio in Eq.

(8) must give a burning velocity ratio due to surface wrinkling. This is usualy equated to g /u/ ,
although it is a dight overestimate, due to the wrinkling at the outer cut-off. Experimental data [21]
suggests that as u’/u/ -0, UtO/U£ -1, not 0, as suggested by Eq. (8). Hence, following Gllder
[22], though for adifferent inner cut-off, we take:

ut_o—]_:Fi (9)
uy uy

The experimental datain [21] suggest thisisvalid for u’/ uy 21. Hence, from Egs. (7) and (9):

u
L=y=L+R)RPS foru,/u <10 (10)
u' u i

In[12] it is postulated that extinction of a laminar flame under a positive strain rate occurs when the
preheat and reaction zones have become so swollen with unburned gas that reaction can no longer be

sustained. A criterion is developed for this, in terms of the difference (MaSr - Mas). Along with
Egs. (1) to (5), this enables values of R, to be obtained as a function of Mag, Mag and the

Karlovitz stretch factor, K, = (u'/A) (9, /u,). Here, the value of K isbased on /4 = O.25F€|0'5

05 [23] values of U; in explosion flames have been carefully

consequently K =0.25(u’/u, 2R
measured using Mie scattering from planar sheets. For Mag =1.0 and with values of R, from [12]

these yield a mean value of F of 2.2, while the flamelet CFD model in [13] yields F = 2.45 for
methane-air mixtures. A value of F = 2.3 therefore was selected to evaluate U from Eq. (10).



Values of U, with u, /u’ assumed to be negligibly small, are shown plotted against K (Mag —Mas)
in Fig. 2 for atmospheric flames with different values of Mag . The bold, full line curve covers
atmospheric propane—air, ¢ 0.7 to 1.0, and near-stoichiometric methane-air mixtures, with values of
Mag ranging from 3.9 to 6.2. The broken curves are for propane-air: the dashed curve for ¢ = 1.3
(Mag =1.29) and the dotted curve for ¢=1.4 (May =-0.08). As Mag decreases and eventually

becomes negative the ratio U increases significantly, as is shown clearly for ¢ = 1.4. The approach
outlined in this section allows for the influence of stretch rate on flame propagation and ultimately
extinction, using only the physicochemical parameters of u,, Mag and Mag. The influence of

Markstein numbers is clearly important. For example, for a propane mixture, ¢ = 1.3, u, = 0.32 m/s
and with K = 0.2, then U = 1.4, but for the corresponding lean mixture with the same values of u, and
K then U = 1.0. For the same turbulence the rich mixture has avalue of u; that is 40% higher.

K(Masr-Mas)
Figure 2. Variation of U from Eq. (10) with K(Ma,sr - Mas) for different ¢ for propane-air.

Laminar burning velocity in the source term
In flamelet models that involve the flame surface density, >, the source termis of the form p,u/l,Z ,

where p, isthe density of the reactants and |, is a flame stretch factor [19]. Transport equations

have been formulated for % [24] and some of the predictions of u; from these are compared with
experimental valuesin[25].
The G equation [26] presents an alternative flame surface approach to premixed combustion. The
non-reacting scalar, G, is defined at the flame surface and the propagation of the flame sheet is
expressed by:
0G
5 0G = up|0g| (12)
The localised burning velocity normal to the flame front is uy,, and v is the flow velocity. When

combined with the global mass conservation equation, Eg. (11) takes on the more familiar,
computationally advantageous, conservation form. Peters [27] has assumed the validity of the G



equation for the entire flow field and split G and v into Favre mean and variance equations. From
scaling arguments, a model equation for the mean flame surface area ratio, oy, the increase in flame
surface area caused by turbulence, is derived. To this is added the laminar contribution. This
equation has similarities with the = equation [24]. The solution of the &; equation, with the
substitution of the recommended values of two maodelling constants [28] yields:

) é/z O
y =Y, 0390a %+ 513p; 0

u' by %] Da E _E (12

Here Da is the Damkodhler number, = u/I/u’Jg ,and K =0.25(u’/u£)Da

~05 [28] the constant

by, istaken to be 2. Thisconstant is essentially the same as F in the present study. As Da and u’/u/

- o in the large scale turbulence regime, U - by, just as in Eqg. (10), as K and ug/u’ -0,

U - F. Damkohler's small scale turbulence regime is approached as D — 0. Flame stretch, Lewis,
Le, and Markstein number effects do not enter into this model.

Equation (11) was aso a starting point for Y akhot in his application of renormalisation group (RNG)
methods to obtain an expression for Uy / U, [29]. The flame surface is wrinkled by the cascade of

turbulent energy that terminates at the Kolmogorov scale and the RNG methodology effectively
averages over gradually increasing scales, while the fluid motion is governed by the Navier-Stokes
equation. No allowance is made for thermo-diffusive effects and the analysis yields:

=2 exp(U) (13)
u

In attempts to provide better agreement with experiment, extension of the model to include the effects
of scales smaller than J, resulted in predictions closer to experiment [30]. Sivashinsky [31] in a

related approach, but with a series of discrete waves, pointed to the inhibiting effect of flame stretch
which may lead to extinction.

An extensive correlation of 1650 measurements of u;, over awide range of K and Le was presented
in[21]. With the present expression for 1/ it gives:

U =101(KLe)™ 23 for 002 < KLe<10 (14)

Klimenko [32] has employed the cascade hypothesis, but with fewer theoretical modelling
assumptions and with scaling factors determined from the experimental data of [21]. This enabled
account to be taken of K and Le, and Eq. (14) to be recovered. At high KLe localised quenching
becomes extensive in regions with high dissipation rates, the flame becomes fragmented and no
longer presents a continuous surface. Large scale fluctuations can no longer stretch the flame front,

the fractal dimension decreases, most of the wrinkling occurs at the smallest scales and R, exerts a
decreasing influence.
Another correlation of measured values of u; /u, inthe wrinkled flame regime by Giilder [33] gives:

5
u
U= +o.62§i’f g R™# (15)
u

Values of turbulent burning velocity compared
Predictions from the different expressions are compared in plots of U against K(MaS|r - Mas) inFig.

3. Each curveislabelled by the corresponding equation number. A broken curveisfor R =100 and



afull oneisfor R = 1000. Only Egs. (10) and (14) take account of thermo-diffusive effects. A
common datum therefore is necessary for the comparison and thisis provided by taking values of Le,
Mag and Mag, of 1.05, 3.85 and —4.57, respectively, appropriate to stoichiometric methane-air

under atmospheric conditions [15]. In all equations, save Eq. (14), u, /u’ is evauated from

.5
up Ju' =(o.25/(|<Fe|0-5))O .
At higher values of K(Mag —Mag) than those presented flames become disrupted by localised

quenching and it is difficult to measure u;. The two correlations of measured values, (14) and (15),

are fairly close to each other. All correlations follow the same trend, with U decreasing as K
increases, although (13) seems to under-estimate U appreciably. Otherwise, the biggest discrepancy
is between (10) and (12), probably due to the neglect of flame stretch in the latter. The discrepancy

would be greater were both expressions to employ the same values for F and b, . Because (10) is

based on an overall mean reaction rate, in the form of G , it probably expresses a burning velocity

related to the rate of production of burned gas, whereas (12) and some of the experimenta
measurements are more likely to be based on the entrainment of cold gas, which gives a higher
turbulent burning velocity [23]. This discrepancy between the two values of burning velocity is well
known and has been shown to increase with K [34].

4

(10)

0 T T T

0 2 4 6 8
K(Masr-Mas)

Figure 3. Variationsof U for different equations. Dotted lines R = 100, full lines R = 1000.

Unstable laminar flames
Thelimit K - O isof interest because it covers the transition regime between laminar and turbulent

combustion. For a laminar flame, a combination of low stretch and low Mag leads to flame
instabilities that wrinkle the flame and consequently increase the overall burning velocity [35,36].



The Karlovitz stretch factor, K, essentially expresses a dimensionless flame stretch rate for alocalised

flame surface area, A, as (]/A)(dA/df), where t is a dimensionless time equal to tu,?/v . Thisis
directly comparable with asimilar dimensionless stretch rate, a*, for an unstable laminar flame.

0.05 -

0'04 B \
0.08 -

0.02

a*

0.01

0 T T T T 1
300 400 500 600 700 800
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Figure 4. Variation of dimensionless stretch rate, a*, (full curve) and flame speed (broken curve) due
to flame instabilities.

An unstable spherical explosion flame is considered. The ratio of the flame speed, S, arising from
surface wrinkling at a mean radius, r, to the laminar flame speed, S,, of a smooth sphere of the same

radiusis equal to theratio of the wrinkled area, A, to the smooth surface area, Ay :
A/A, =S/S,, where S=dr/dt (16)
Somewhat similarly to in Eqg. (8), this surface arearatio is equated to the ratio of the area of the fracta

surface with the largest unstable wavelength as the outer cut-off to that with the shortest unstable
wavelength as the inner cut-off [35].

The mean dimensionless stretch rate of the surface wrinkled by instabilities is (]/ A)(dA/ dt ) . Withr
normalised by J, to give the Peclet number, Pe, and S normalised by u, , the dimensionless stretch
rate, a*, becomes:

2
1 d“Pe idPe, whereizdﬂe (17)

= +

dPe/df g2 Pe df u,
Analysis of the unstable wavelengths as a function of Ma,, , together with the density ratio and Pe,
enables A/Ag to be evaluated. The analysis aso yields [35,36]:

*

Pe= Pe, + B3 2 (18)
which expresses the variation in radius with time after a cellular flame structure has developed at a
critical Peclet number, Pey . Thevalueof Pey isrelatedto Pey. Thevalueof t istaken to be zero
when Pe=Pg, and the numerical constant, B, depends on Mag, , the density ratio and stability

theory. Some values of B are given in [36].
Equations (17) and (18) give:



/3 2/3
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= Pe-P 19
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Shown in Fig. 4 by the full line curve is the variation of a* with Pe, obtained from Eq. (19), for an
unstable flame with Pey =370, Pey = 205 and B = 0.62. These values are taken from [36] for a

negative value of Mag The broken curve shows S/u, 10°. Even with such an unstable flame, the

associated dimensionless stretch factor a* has a maximum value of less than 0.05, which is relatively
small compared with many practical values of K. This is in agreement with the direct numerical
simulations of unstable flames by Boughanem and Trouvé [37], who suggested instabilities became
important in turbulent combustion only at low values of both Ma and K. However, an increase in

pressure for a given distance scale will reduce Pe and Mag . The consequent increase in a* could

make it comparable to K. The unique burner measurements by Kobayashi et al. [38] of u; at
pressures of up to 30 atm. appear to confirm the increased importance of instabilities at high pressure.

Conclusions

A number of limitations in the above anayses are apparent. One concerns the derivation and
incorporation of accurate data on extinction stretch rates. Ancther, the legitimacy of using steady
state flame stretch and extinction data in unsteady conditions and vice-versa. More information is
needed about flames subjected to negative flame stretch, the pdf of stretch rates at high Reynolds

numbers and the complexities of turbulent flame extinction. In measurements of u; a distinction

should be made between mass burning and entrainment rate burning velocities. Negative values of
Mag are of interest for two reasons; as revealed by Fig. 2 they may cause enhancement of U, with

possible further enhancement by flame instabilities, particularly if K is small. These effects become
important in high pressure combustion.

The data on U in Fig. 3 reveal a large spread of values and raise questions as to the importance of
flame quenching. Experimentally, flame quenching is observed when KLe>2.4 [39], an even more
severe quenching than is suggested by Fig. 2.

Although the present study has concentrated on premixtures, much of it is relevant to nhon-premixed
combustion. This is because the mixing between fuel and oxidant can generate stretch rates that no
diffuson flamelet can survive. Although there is the added complication of a distribution of
equivalence ratios, premixed stretched flamelets combined with Reynolds stress modelling are
capable of predicting lift-off heights and blow-off velocities of jet flames [28,40]. Further
downstream, the range of possible reactant mixtures is extended and the range of flamelet data
required may become prohibitive. The incorporation of reduced reaction schemes [41] into the CFD
equations or of JPDF approaches may be preferable. The bulk of the heat release rate occurs in the

reaction zone and flamelet modelling of this and u, is consequently reasonably valid. Reactions that

occur beyond the main reaction zone, such as those involving soot formation [42] and thermal NO,
cannot be modelled solely by flamelet approaches, although prompt NO can be [11].
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