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Introduction

This extended abstract describes an analysis of the characteristics of acoustic waves transmitted
through turbulent flames. It is part of ongoing work to better understand the interactions of acoustic waves
and turbulent flames. Such interactions play an important role in the characteristic unsteadiness of
turbulent combustion processes that occur in awide range of processing, power generating and propulsion
applications. They arise because acoustic waves incident from other parts of the flame or from external
sources impinge upon the flame and are scattered because of the significant change in sound speed and
density at the flame front. The characteristics of the scattered waves are complex, due to the fact that they
are interacting with a dynamic flame surface that is convoluted over a broad range of length and time
scales; e.g., flames have been found to radiate acoustic waves between approximately 100 Hz — 25 kHz

[

m The work reported here is an extension of previously reported analyses of acoustic wave scattering
by turbulent flames [ E] These prior studies considered the idealized geometry shown in Fig. 1,
consisting of atime varying, wrinkled flame surface whose average position is flat. These studies solved

an integral equation formulation of the acoustic wave equation, that is similar in approach to studies of
wave scattering from rough surfaces such as the ocean or arcticice [ﬂ. Reference [ describes an analysis
of the coherent, or average, wave field reflected by the flame (i.e., thefield in Region 1, see Fig. 1). The
diffuse field characteristics of the reflected field are discussed in Ref. [ﬂ. These analyses show that the
temporal and spatial characteristics of the reflected field depend upon the frequency of the incident wave,
angle of incidence, statistical characteristics of the flame position and its spatial derivative, the temperature
jump across the flame, and the temporal spectral characteristics of the flame position. These analyses are
incompl ete, however, in that they only analyze the characteristics of the acoustic field on one side of the
flame and do not consider the characteristics of the transmitted wave field (i.e, the field in Region 2, see
Fig. 1). Assuch, this paper describes an analysis of the coherent transmitted wave field.

Problem Statement and Basic Assumptions

The geometry under consideration is shown in Fig. 1. It consists of atime varying, wrinkled
flame surface whose position is described by the equation f (X, t) =0 and whose average position isflat.

The following basic assumptions are made in the analysis: (1) the flame has a thickness, 6, which is much
smaller than an acoustic wavelength and, thus, can be treated as a surface of discontinuity, (2) outside of
the flame itself, the flow field isisothermal, has alow Mach number, M, and is composed of a perfect gas;
as such, mean flow affects (such as wave scattering by turbulent flow fluctuations) on acoustic wave
propagation are neglected, (3) the acoustic field can be approximately described with the single scattering
Kirchoff approximation (explained below), (4) the time scales over which flame surface properties and
movement occursislong relative to that of the acoustic period (see Ref. [), and (5) flame displacement
due to the incident wave disturbance is small relative to that in the absence of the incident wave (see Ref.
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Figure 1. Schematic illustrating flame surface and acoustic field quantities.

With these basic assumptions, the acoustic field up and downstream of the flame can be described
by the Kirchoff — Helmholtz integral (KHI) equation [E:
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wherepy’, ng, X, Xg, and p denote the incident wave, instantaneous flame surface normal vector,
observation point, flame surface point, and the average gas density, respectively. In addition, the vector €,
points from the surface point, Xg, to the observation point, X, and R denotes the distance between the
source and observation point, R =| X5 — X, |. The subscripts 1 and 2 denote the value of the quantity in
Regions 1 and 2. The surfaceintegral is carried out over the surface of integration. In this case, thisis over
the flame surface, X, although it could include other boundaries, such as combustor walls.

Equations (1-2) shows that the scattered acoustic field is determined by the value of the acoustic
velocity and pressure at the surface of the flame. These quantities are not independent of each other; thus
solving Egs. (1-2) for the scattered pressure requires first solving for the pressure and vel ocity on the flame
surface. Thisrequires solving an integral equation which, in general, must be done numericaly. In certain
limiting cases, approximate analytical solutions to the Kirchhoff-Helmholtz integral equation can be
obtained [E] . Inthis paper, we use the single scattering Kirchoff approximation to provide an approximate
relationship between the acoustic pressure and vel ocity at the flame, see Assumption (3).

The basic Kirchoff approximation assumes that the acoustic field on the scattering surfaceis
approximately equal to its value when the surface isflat. The single scattering approximation assumes that
the scattered waves do not re-interact with the flame and, thus, neglects multiple scattering. Thetheory is
exact for an infinitely long, smooth, plane scattering surface. Asdiscussed in the literature [ﬂ, itis
approximately true when the radii of curvature of the surface, Ra, is significantly larger than the
wavelength of the disturbance, A; i.e., the theory applies to disturbances with short wavelengths and, thus,
at high frequencies. In this case, the scattering surface “looks’ plane to the incident acoustic wave.

Denoting the surface reflection coefficient of the smooth scattering surface as V (Xg,t) , the

surface pressure and velocity are given in the single scattering Kirchoff approximation as:



P'(Xs,t) = pi'(Xs, 1)L+ V (X, 1))
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It isshownin Ref. [E that within the approximations of this analysis, the reflection coefficient is given by:
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Neglecting changes in molecular weight, specific heats ratio, and pressure of the gases across the flame, the
density and sound speed ratios can be written in terms of the temperature ratio across the flame. Defining
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Equations (1,3-4) were used in Ref. [ to analyze the characteristics of the wave field in Region 1.
Given the values of the acoustic pressure and velocity at the surface of the flame on the side on which the
incident wave originates, the acoustic field on the transmission side of the flame (i.e., in Region 2, see Fig.
1) can be determined from matching conditions across the flame surface [ﬂ. Neglecting terms of the order
of the flame speed Mach number and higher, these matching conditions take the form [ﬁ|

Momentum: P (Xs, 1) =Py’ (Xg, 1) [5]
Energy: u'2,n (Xsrt) = u'l,n (stt) [6]

It should be noted that more generally, the energy matching condition takes the form:
U, (Xs,t)—u', (X6, ) = (T, /Ty —1)S; ', where S;” denotes the fluctuating flame speed. These flame

speed fluctuations occur through chemical kinetic and flame strain sensitivities to the fluctuating pressure,
temperature, and strain rate. As shown in Ref. [E, the fluctuations due to kinetic processes are of the order
of the flame speed Mach number and, thus, are neglected to the order of approximation of this study. The
flame strain terms can be shown to be of the order of L/A , where L isthe Markstein length [ﬁ and A isthe
acoustic wavelength. Assuming that the Markstein length is of the order of the flame thickness, thistermis
also neglected to the order of approximation of this study, see assumption 1.

Analysis

Given the assumptions in the prior section, the scattered field can be explicitly written as an
integral over the rough surface, rather than an integral equation in the more general case. The procedure
we use to obtain the transmitted field is entirely analogous to that used in Ref. [ to find the reflected field,
except Eq. (2), rather than Eq. (1) isanalyzed. After substituting Egs. (3-6) into EqQ. (2) and some algebra
we obtain the following result for the coherent transmitted field:
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where p, s’ isthe value of the pressure at the observation point if the flame surface were smooth and:
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where the flame surface is assumed to be a single valued function of x5 and ys and can be written as:
f(Xs,t) =2-¢(Xs,Ys,1) =0 [11]

<T> denotesthe “average” transmission coefficient while T, denotes its values for a smooth flame
surface. Inwriting Egs. (7-10), it has been assumed that the statistical characteristics of the surface
position are stationary. As such, it can be shown that the wave field vanishes in non-specular directionsin
the limit as the integration surface becomes very large relative to a wavel ength.

Equations (7-10) are general results describing the dependence of the coherent scattered acoustic
field in terms of the statistical characteristics of the flame position ({) and its spatial gradient ({x and ¢y),
the angle of the incident wave, the wave number of the disturbance (k), and the temperature ratio across the
flame (A\). Notethat the statistical characteristics of F, and <T> only depend upon the statistics of the
surface height, ¢, and its gradient, {,, respectively. We next present typical results explicitly illustrating
these dependencies for one-dimensional flame surfaces with Gaussian characteristics. The following
PDF swere used in these results:
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where 6% and o, denote the variance of the surface position and gradient. A clipped Gaussian PDF is used
for the gradient PDF because of the otherwise finite probability of very large gradients where the devel oped
theory is not applicable. The results for <T> were obtained with numerical quadrature of Eq. (8).
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Figure 2 Dependence of <T>/T4, amplitude and phase upon A for several values of the spatial slope
variance of the flame surface. Wave incident from upstream at an angle of 20 degr ees.

Figure 2 plots the dependence of <T>/T 4, upon the temperature ratio across the flame for severa
different roughness values for a case where the incident wave originates upstream of the flame (i.e., on the



unreacted side) at an angle of 6,;=20. In interpreting the results shown in the figure, it isimportant to note
the presence of a“ cutoff” angle; i.e., adisturbance with an angle of incidence that is greater than 6;= sin’
Yci/cy)= sin(1/A)** does not transmit acoustic energy through the flame if it is completely smooth; e.g.,
for 6;=20 degrees, acoustic energy is not transmitted through a smooth surface for A values above 8.55 (i.e.,
p2sm=0 inthefarfield). This cutoff phenomenon iswell known in acoustics and optics and occurs when a
disturbance propagates from a medium of lower to higher sound speed. Thereis a discontinuous changein
the characteristics of the acoustic field when 6 is just above and below this angle. As such, only values of
the temperature ratio up to this A=8.55 cutoff are shown in Fig. 2. The figure shows that the magnitude
and phase of <T>/Tg, differs from unity and zero degrees only near A valuesin the vicinity of cutoff,
which for the incident angle of 6;=20 degreesin thisfigure is about A=8.5. Thisimplies that for most of
the temperature ratio’s shown in the figure, the effect of flame roughness upon the “average” transmission
coefficient is negligible.

In contrast, the term F, exhibits sensitivity to flame surface roughness over a wide temperature
range, as can be seenin Fig. 3. It physically reflects the fact that the phase of the transmitted wave along
the flame surface differs from its value when the surface is smooth. These phase differences arise because
of the differences in surface height and, thus, distance the incident wave travels before impinging upon the
flame.
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Figure 3 Dependence of F, upon A for several values of k;0. Waveincident from upstream at an
angle of 20 degrees.

Figure 3 shows that the magnitude of F, decreases with increasing roughness (k;0) and temperature ratio
(N\). In contrast, the results presented in Ref. [ show that the amplitude of the analogous term for the field
in Region 1 (i.e., the reflected field) does not depend upon the temperature ratio across the flame but
exhibits asimilar dependence upon surface roughness. This additional temperature ratio dependenceis due
to the fact the time required for a disturbance to reach the observation point (and, hence, its phase) depends
upon the speed of sound in both regions. Increasing differencesin temperature ratio cause the phase of
disturbances originating at different points along the flame surface to differ more from each other at the
observation point if the flame surface is not smooth.
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